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Mathematical background to understand our theoretical approach

NON-LINEAR PORE-FLUID
PRESSURE DIFFUSION
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General equation of diffusion

P —v(D(p)Vp)

for a d-dimensional, hydraulically isotropic and homogeneous medium.

Power law dependence of hydraulic diffusivity on pressure
(Shapiro and Dinske, 2009)

D(p)=(n+1)Dyp"
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Scaling of coinjection-induced triggering front
Shapiro& Dinske (2009)

Qo : normalization
parameter, defining

1 dn+2)_1 the fluid injection rate
" DOQOntn(|+1)+1 he fluid in

Qi(t)

i: defines the injection
rate

i =-1: delta-like

i = 0: constant

If

d: dimension of the
diffusion

d=1,2,3
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Scaling of postinjection-induced fronts

For a 6(t)-like impulse of fluid injection and t >> t,

r ot dn+2

Valid for back front and triggering front
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Validation of the scaling law

NUMERICAL MODELLING
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Numerical results: Pressure relaxation — freetnestatiasy
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n(x,y,z,t)>C(x,y,z)

C(x,y,2): Pressure necessary for activation of critically stressed, favorably oriented
preexisting fractures
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Benefit from scaling law

APPLICATION TO REAL DATA
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Hydraulic fracturing and EGS data

(a) _ _ (b)
Horn River Basin, stage A :
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(a) Data provided by one sponsor of the PHASE
consortium

(b) Data are courtesy of H. Kaieda
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CONCLUSIONS
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Novel scaling relations for postinjection-induced seismicity:

Spatio-temporal evolution is controlled by dimension of
growth of seismic cloud d and non-linearity n of pore-fluid
pressure diffusion

-> If two parameters are known (e.g. ¥ or y and d), estimates
of the third (e.g. n) can be obtained

Restrictions

Assumption of purely non-linear diffusion as the seismicity controlling process,

which is one end-member case of poroelastic coupling
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based on Barnett Shale hydraulic fracturing (Hummel and Shapiro, 2013)

Parameter
D(p) = (n+1)D, p" [
n=1.2,.5 |
D, for n such that p(r,t;) = 0 Pa at r = 250 m

Modeling time |
t = [0, 40000 s], At = 60 s |
t, = 19500 s

Postinjection diffusivity

Elastic behavior vs. frozen diffusivity
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Elastic Diffusivity Frozen Diffusivity
(Hummel and Shapiro, 2016)
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Quantification of r-t-plots
Power law fits to the co-injection triggering front

and to the back front of seismicity

e =Bt —15)”

For 3D power law diffusion (Hummel & Shapiro, 2012, 2016)
x = 0.5: linear diffusion, y = 0.33: non-linear diffusion
y = 0.33: linear diffusion, y < 0.33: non-linear diffusion
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Shapiro & Dinske (2009) for the coinjection triggering front:

Diffusion equation for radial symm. hydraulically homogeneous & isotropic

medium:
Art—1y 0 a
f l]_;rf 1,-_j=’” 1

ot ar ar

Fluid injection rate
(2!{” "}{F + J— rft?l]

Mass conservation for Q(t): oc |
/ r (e, r)dr = Q" .

1)

Dimensionless variable © from dimensional analysis

§ — I(Dl]fg”l"”lx_lj_ljlﬁ .

S: storage coefficient (1/Pa)
Ay 4, 2h, 2Ar for 3D, 2D, 1D

Qo: normalizing coefficient
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A combination of the quantities in equation 11 yields the dimension of pressure p = [P]: 4 Berlin

Q  \ ™
(Dﬁ!t{u{—zf—zj )

Following the II-theorem as defined in Barenblatt [1996], a description of pressure can

then be formulated as follows:

{(?2 1/(dn+2)
0
p(t,r) = (W) D(H).

Here ®(#) is a dimensionless function found by substituting (5) and (13) into (8) and (10)

and applying the boundary condition p= 0Pa for ¢ < 0s [see equations (4.36) - (4.37) in
Shapiro, 2015)].

Further, rearranging (11) yields a general proportionality for the triggering front

. 1
rey oc (D@t V)@@

Additionally, Hummel and Shapiro [2012] investigate triggering front signatures for a
constant injection pressure source (i =0). Their results show that p in equation 6 is very
well described by p=(n+ 1)/(dn + 2), what is in agreement with equation 14.

3

Scaling of postinjection-induced seismicity, Schatzalp Workshop 2017 30



m‘ Under the above mentioned assumptions of i =-1 and a point-like (in d-dimensional

space) injection source located at r= 0m, equation 13 can be written as:

CQQ 1/ (dn+2)
p(t,0) = (Dj;d) ®(0) . (15)
n;

where ®(0) is a constant. Using the expression for the pressure distribution p(t, 0), equa-
tion 13 can be reformulated, yielding the pressure distribution at distances r smaller than

the triggering front r,, [Shapiro and Dinske, 2009; Shapiro, 2015]:

oy 1/n
p(t,r) = p(t,0) (1 — ?—2) : (16)

'-"U-

Please note that p=0if r > r;;.

Assuming that events are only induced for increasing pore-fluid pressure, the condition

wtial time derivative of the pressure distribution p(f,0) (equation 15) is given by:

ﬁp(f [)) d/(d _2]1
— = T () =
ot (P(0)

A

dn + 2

t'p(t,0). (18)
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for the back front is given by the vanishing partial time derivative % Using equation
16 for computing this derivative, we get:
- /n . gy (I—n)/n o -
ap(t,0) [ 2! 2 o r? dryy _
o 1—% +=p(t,0) l—a = o =0. (17) )
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m Using|i=-1 |n equation 14, we get: -

roy o (QpDot) 2 (20)

The function dr,p(t)/0t in equation 19 can be found from equation 20. It is given by:

or 1
v

ot d +2(DnQHJW"_Qi_””_””‘ﬁ”_”- (21)
’ e

Subsequently, the combination of equations 20 and 21 yields (note that a proportionality

constant in these equations is eliminated in this way):

1 or 1
Loy 1 g (22)
Ty Ot dn+ 2
Substituting this into equation 19 gives the following result:
_ r? _
dn = (2+ dn)TT : (23)
if

where r is a function of time, describing the back front distance from the source, ry;.

Thus,

(1/2)
dn
n ) (24)

rop(t) =ris(2) (2+ -
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Table 1. Values of the Exponent y (Equation (7)) Obtained From Synthetic Data and Real Data Examples From Literature?

Cooper Basin 2003

Fenton Hill (w by Hummel and Shapiro [2016])
Ogachi (¢ by Hummel and Shapiro [2016])

FD Model Observed y Predicted 1/(dn + 2) ED Model Observed y Predicted 1/(dn + 2)
n=1 0.17 <0.19 < 0.21 0.20 n=1 0.15<0.17 <0.19 0.20

n=2 011 <013 <0.14 0.125 n=2 011 <012 <013 0.125
n=3 0.085 < 0.097 < 0.11 0.091 n= 0.079 < 0.086 < 0.092 0.091

n=4 0.081 < 0.089 < 0.098 0.071 n=4 0.062 < 0.068 < 0.073 0.071

n=>5 0.063 < 0.072 < 0.082 0.059 n= 0.053 < 0.061 < 0.068 0.059
Hydraulic fracturing data observed y estimated n
Horn River Basin (relocated events by A. Reshetnikov) 0.095 < 0.16 < 0.22 25<43 <86
Montney Shale, lower (r-t by Birkelo et al. [2012]) 0.14 5.1

EGS data observed y estimated n
Basel 2006 0.11 <0.21 <0.30 045 <095 <23

0.11 <0.18 < 0.25
0.33
0.36

069 <1.2<25
0.34
0.26

“For synthetic data, also predicted values for 1/(dn + 2) (equation (25)) are given for the frozen diffusivity model
(FD model) and the reversible elastic diffusivity model (ED model). For real data, equation (25) was applied, yielding
estimates of the nonlinearity n within 95% confidence intervals. Values of observed y and predicted 1/(dn+2) are plotted

in Figure 5.
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